Density functional theory(DFT) has gained popularity because it can frequently give accurate energies and geometries. The evaluation of DFT integrals in a fully analytical manner is generally impossible; thus, most implementations use numerical quadrature over grid points. The grid-free approaches were developed as a viable alternative based upon the resolution of the identity (RI). Of particular concern is the convergence of the RI with respect to basis set in the grid-free approach. Conventional atomic basis sets are inadequate for fitting the RI, particularly for gradient corrected functionals [ J. Chem. Phys. 108, 9959 (1998)]. The focus of this work is on implementation of and selection of auxiliary basis sets. Auxiliary basis sets of varying sizes are studied and those with sufficient flexibility are found to adequately represent the RI.
I. INTRODUCTION
In recent years, density functional theory ͑DFT͒, formulated in terms of the spin densities (n ␣ ,n ␤ ), has gained popularity as a method for determining molecular properties and structures as an alternative to ab initio wave functions. Functionals of the density have been fit to the uniform electron gas, 1, 2 and have incorporated corrections that depend upon the density gradient. [3] [4] [5] ''Hybrid functionals'' that mix in Hartree-Fock exchange are reported to help correct for the inadequacies of a single-reference wave function. 6, 7 DFT can frequently give energies, relative energies, and geometries more accurately than second-order perturbation theory, with significantly less computational expense, 8 although reports of failures of DFT are not uncommon in the literature. [9] [10] [11] Evaluating integrals over functions of the density in a closed analytic form is usually impossible, because the functional forms involve very complicated functions of the density. Most DFT implementations evaluate the integrals using numerical quadrature over a finite set of grid points often organized in atom centered Lebedev spheres: [12] [13] [14] ͵ f ͑ n ␣ ,n ␤ ,"n ␣ ,"n ␤ ͒dr ជ Ϸ ͚ i f ͑ n ␣ ͑ i ͒,n ␤ ͑ i ͒,"n ␣ ͑ i ͒,"n ␤ ͑ i ͒͒⌬r͑ i ͒. ͑1͒
Dunlap discussed how integrating over a finite grid can lead to numerical instabilities. 15 An X -␣ specific grid-free approach was developed to avoid these difficulties. [15] [16] [17] Recently, a more general grid-free approach was proposed by Almlöf and Zheng ͑AZ͒ 18, 19 and has been further developed by us and others. [20] [21] [22] These grid-free approaches involve approximations that introduce errors that can be systematically eliminated by increasing the basis set size, and are independent of the coordinate system chosen.
The primary focus of the current work is on the basis set convergence properties of auxiliary basis sets within AZ grid-free DFT for the first row of the periodic table. The auxiliary basis sets are used to converge the resolution of the identity ͑RI͒. 23 Several prototypical systems are studied to explore the convergence of properties as a function of the basis set. These results demonstrate in detail the basis set dependence of the grid-free approach. In the previous work convergence of the RI was approached by enlarging the atomic basis set. This was successful, but it made separating basis set convergence from RI convergence difficult and resulted in extensive use of computational resources, because expensive two-electron integrals grow with the basis set. Bernholdt and Harrison have recently considered auxiliary basis sets for fitting RI-MP2, an approach to second-order perturbation theory using the resolution of the identity.
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II. A GRID-FREE APPROACH TO DFT
The several approximations used within the grid-free approach 20 implemented in GAMESS 25 are briefly reviewed here. The accuracy of these approximations is directly related to the completeness of the basis. The initial simplification is to split portions that depend on functions of the density, such as n ␣ , n ␤ , "n ␣ , and "n ␤ , using the following expression:
is exact if ͕ m ͖ is a complete orthonormal set; otherwise, one expects some dependence of the calculation on the size of the basis set. Calculating the spin-polarization ϭ(n ␣ Ϫn ␤ )/(n ␣ ϩn ␤ ) requires using the RI in Eq. ͑2͒ to combine f ϭ(n ␣ ϩn ␤ ) Ϫ1 and gϭ(n ␣ Ϫn ␤ ) to form . A second ''spectral'' RI must be used to evaluate the complicated integrals involving functions of the density and the density gradient. 26 This method ͓see Eq. ͑3͒ below͔, without loss of generality, 23 assumes that the matrix of inte-grals over the density has been transformed to an orthonormal basis set in which this matrix is diagonal. The function of the integral is assumed to be the integral of the function:
where i is an eigenvalue of the matrix M ͓n͔ i j ϭ͐ i n j dr ជ. Equation ͑3͒ is exact in a complete basis. In DFT, n is the density, although Eq. ͑3͒ does not assume this. Therefore, once the integrals over n are determined, the integrals over any well-behaved function of n, such as n Ϫ1/3 , can be readily obtained.
The matrix representation of the density M ͓n͔ is calculated from the first-order density matrix D and atomic orbitals i, j, k, and l without using the RI:
The density gradient is evaluated dimensionlessly as follows:
Due to the presence of derivative terms, basis functions of one higher angular momentum are needed in order for this application of the RI to be accurate. The AZ grid-free DFT approach is also applied to the computation of nuclear gradients. 19, 20 The RI is only applied once in Eq. ͑6͒:
where x is a nuclear coordinate and K DFT is the DFT exchange-correlation operator. As in Eq. ͑5͒, higher angular momentum functions are necessary to properly treat the derivative terms. If the ͕͖ is too small, inconsistencies between the energy and the gradients can cause problems optimizing. Similar problems have been found within grid-based methods, if the grid is too coarse. [15] [16] [17] 
III. AUXILIARY BASIS SETS FOR FITTING THE RESOLUTION OF THE IDENTITY
Since a large basis set is necessary for the RI to be accurate, during the DFT portion of the calculation, an auxiliary basis set is required. Before the SCF procedure is begun, the auxiliary basis set is built. Each atom is given a set of even-tempered basis functions 25 that include angular momentum functions from zero to one higher than that of the valence space. The valence space is defined as s for H-He, sp for Li-Ar, and spd for K-Xe. In this work, we focus on H-F.
The two index one-electron dipole velocity and overlap integrals are calculated over both the AO basis and the auxiliary basis and stored to disk. Using the overlap matrix S, the matrix W is generated ͑analogous to the linear combination of atomic orbitals matrix C͒. W transforms both AO and the auxiliary orbitals to an orthonormal set, because W † SW ϭI ͑analogous to C † SCϭI͒. During the generation of W, the MO's are not allowed to contain any auxiliary character. This is accomplished by making the auxiliary space orthogonal to the entire MO space. Due to the size of the auxiliary basis set, it is crucial to test for linear dependencies. Linearly dependent functions are removed from the space by zeroing out a column of the W matrix.
The matrix representation of the density M ͓n͔ is generated every SCF cycle according to Eq. ͑4͒. The k and l indices run only over the AO basis because the auxiliary basis functions contain no electron density, but indices i and j run over the entire basis. This requires the calculation of N 2 M 2 integrals, where N is the number of AO's and M is the number of AO's plus the number of auxiliary functions. At the end of each SCF cycle, only the parts of the resulting matrices that correspond to the MO space are saved. For gradient calculations, the entire exchange-correlation potential is saved for use later in Eq. ͑6͒. The grid-free approach outlined above has been used to implement several DFT functionals in GAMESS. Several functionals are used to examine different applications of the RI and are listed below. Energy gradients are calculated to demonstrate the RI in Eq. ͑6͒, which is independent of the functional.
͑1͒ X -␣ 1 has neither n ␣ n ␤ cross terms nor gradient dependence. It only involves the use of the RI in Eq. ͑3͒. For the uniform electron gas value of ␣ϭ2/3, this is called the Slater functional.
͑2͒ VWN5 2, 8, 27, 28 has no gradient dependence. It uses the RI in Eq. ͑2͒ to multiply together terms that depend on ϭ(n ␣ Ϫn ␤ )/(n ␣ ϩn ␤ ) and terms depending on n. Functions of and n are generated using the RI in Eq. ͑3͒.
͑3͒ The Becke88 29 gradient corrected exchange functional relies on the RI in Eq. ͑5͒ to generate y
, the dimensionless density gradient. The RI in Eq. ͑3͒ is used to generate functions of both n and y 2 . Finally, the RI in Eq. ͑2͒ is used to combine all the terms. The DePristo-Kress functional 30 is a predecessor to Becke88 that is similar in design and use of the RI. It is included to demonstrate that the Becke88 grid-free results are not coincidental, although no comparison to a grid based result is available for this functional.
All comparisons presented below are made to the grid based DFT code in Gaussian 94. 31 The grid used in all calculations is a pruned grid of ͑75, 302͒, in which there are 75 radial shells and 302 angular points per shell. This results in about 7000 points per atom. This is the default integration grid in Gaussian 94. Both GAMESS and Gaussian 94 calculate all nonexchange-correlation terms explicitly from ⌿, rather than from n.
The auxiliary basis sets are based on the correlationconsistent basis sets of Dunning et al. 32 It has been shown that by using large auxiliary basis sets, RI-MP2 can be made exact, but much smaller basis sets suffice to get accurate energy differences. 24, 33 The initial choice of auxiliary functions was a set of even-tempered 34 functions that spanned the same exponent range as the aug-cc-pVDZ basis. This is different than the initial RI-MP2 uncontracted correlation consistent basis sets used by Bernholdt and Harrison. The basis sets in this work are augmented in an even-tempered manner. The auxiliary basis set notation is as follows: ''5s3 p'' means that there are five s gaussians and three sets of p gaussians that span the same exponent range as the s and p shells of the aug-cc-pVDZ basis set of Dunning. ''5sϩ ϩ3pϩϪ'' means that there are two additional diffuse s gaussians, one additional set of tight p gaussians, and one additional set of diffuse p gaussians. When multiple atoms are present, the heavy atom will be listed first and the hydrogen atom last, as in 10s5p2d/5s2 p. This notation is used throughout the remainder of this work. In our previous work, the even-tempered basis set approach was very slow to converge the RI, because the basis was not augmented with diffuse or tight functions. Therefore, 10 s functions and 20 s functions spanned nearly the same range of exponents and gave similar results. Results for calculations that only used the atomic basis set for resolving the identity are appropriately labeled ''no auxiliary basis set.''
IV. GRID-FREE DFT RESULTS
A. Hydrogen atom
Hydrogen was first studied with the Slater functional. The cc-pVDZ basis set is used as the atomic basis set for both the grid and the grid-free calculations ͑Table I͒. Note that the ''exchange'' energy for single electron systems is present to cancel out the self-repulsion terms. The addition of 5s ͑to match aug-cc-pVDZ͒ gaussians is found to reduce the difference in total energy relative to the grid based approach by over an order of magnitude to 0.15 kcal/mol, but the error is still larger than desirable. Next, we add four more s functions, such that each exponent is between two of those in the original 5s set. This yields a 9s auxiliary basis set whose energy differs from the grid-based approach by less than 0.01 kcal/mol ͑Table I͒. Because most calculations involve H within molecules, an additional diffuse s function is added to help account for longer-range interactions, although 9s and 9sϩ give the same results for the H atom. Therefore, the RI used in Eq. ͑3͒ is found to converge very quickly, as was found in our previous work. All subsequent calculations focus on more complicated applications of the RI. Auxiliary basis sets are included in the supplementary material. Gradient-corrected calculations on H with the B-null functional ͑Becke88 exchange and no correlation͒ are summarized in Table II . This functional requires that the auxiliary basis set contain p functions due to the use of the RI in Eq. ͑5͒. The initial auxiliary basis set is the one optimized for the Slater functional (9sϩ) plus three additional sets of p functions to yield the 9sϩ3 p auxiliary basis set. The energy obtained using this basis set differs from that of the gridbased approach by over 1 kcal/mol, but the difference is much smaller than that of the grid-free approach with no auxiliary basis set. A set of diffuse p functions reduces the difference further, and adding a set of tight p functions ͑with-out the diffuse set of p functions͒ reduces the difference to 0.34 kcal/mol ͑0.11%͒. Therefore, these are combined to form the 9sϩ3 pϩϪ auxiliary basis set.
B. Nitrogen atom
Atomic N was studied with an unrestricted wave function, the B-null functional and the cc-pVDZ basis set 32 as the atomic basis set ͑Table III͒. The initial auxiliary basis is 10s5 p2d, because it involves the same number of gaussians as aug-cc-pVDZ. This auxiliary basis set corrects the poor behavior that occurs if no auxiliary basis set is used. The energy difference relative to the grid-based method is still rather large, 38.57 kcal/mol. Because the aug-cc-pVDZ basis does not include p functions for the inner shell, two tight sets of p functions were added. The energy difference relative to 
C. NH 3 bend potential
For loose grids, Werpetinski and Cook 16 found that the NH 3 bend potential obtained with grid based DFT could become asymmetric. For small basis sets, the AZ grid-free approach gives symmetrical, but inaccurate curves. 20 As the basis set is increased, the grid-free bend potential approaches the correct behavior. The atomic basis set used in the present calculations is cc-pVDZ. 32 The NH bond distance is fixed at 1.0496 Å, to allow easy comparison to previous work. 16, 20 Because the NH bond distance is optimized for the X -␣ functional, the gradient will never go exactly to zero for other functionals. The functional used here is B-null.
Potential energy surfaces as a function of angle are presented in Fig. 1 . With no auxiliary basis set, the curve is 0.5 Hartree too low, and the shape does not match the shape of the grid-based curve ͑this curve is not presented in Fig. 1͒ . Adding the initial 10s5 p2d/5s2p basis set ͑even-tempered uncontracted aug-cc-pVDZ͒ yields a properly shaped curve; the energy differs from that of the grid curve by an average of 38 kcal/mol. Enlarging the auxiliary basis set to 10s5 p ϪϪϪ2dϪϪ/9sϩ3pϩϪ, reduces the average difference across the entire PES to 3 kcal/mol. As was found in the RI-MP2 analysis, 24 accurate relative energies are obtained with smaller basis sets than required for absolute energies. Using the auxiliary basis set 10s5 pϪϪϪ2dϪϪϪϪ/9s ϩ3 pϩϪ optimized for H and N, the maximum difference on the PES between the grid-free and the grid-based methods is reduced to 1.0 kcal/mol. The range of differences for this basis set is 0.25 to 1.01 kcal/mol. The Cartesian RMS gradient of NH 3 , shown in Fig. 2 , provides insight into the RI used in Eq. ͑6͒. Without an auxiliary basis set, the curve is completely wrong. The RI is so poorly converged that the gradient is little more than random numbers. Using the 10s5 p2d/5s2 p auxiliary basis set moves the minimum to within 2°of the grid minimum, but the grid-free RMS gradient decreases less than that of the grid. The 10s5 pϪϪϪ2dϪϪ/9sϩ3 pϩϪ basis set gives a curve that is very similar to the grid based curve, except for the lowest portions of the curve, where the RMS values are larger than the grid based values. The 10s5 pϪϪϪ2dϪϪ ϪϪ/9sϩ3 pϩϪ basis set, optimized for the N and H atoms, gives the same minimum RMS gradient as the grid method. The curves are almost indistinguishable. Therefore, convergence of the nuclear gradient RI in Eq. ͑6͒ requires tight auxiliary basis functions. Several sets of d functions are needed for the RI to be accurately represented. This can be explained by the bonding in NH 3 . The atomic p orbitals on N are important in bonding and therefore d functions ͑one higher angular momentum͒ are needed in order for the nuclear gradient resulting from these bonds to be accurate.
D. Nitrogen molecule
N 2 was shown in our previous work to require a large and cumbersome atomic basis set to get accurate results because an auxiliary basis set was not used. In the current work ͑Table IV͒, the cc-pVTZ basis set and unrestricted wave functions are used for N. The B-null functional is used in order to allow easy comparison to our previous work. Experimental results are also presented. 35, 36 With no auxiliary basis set, the bond length differs from the grid method by 0.26 Å and the binding energy differs by 39 kcal/mol. Obviously, an auxiliary basis set is needed to get accurate geometries and relative energies. Although the 10s5p2d auxiliary basis set predicts the bond length to within 0.010 Å of the grid method, the binding energies differ by 9.1 kcal/mol. The 10s5pϪϪϪ2dϪϪ basis set predicts the bond length to within 0.002 Å of the grid method and binding energies to within 3.4 kcal/mol of the grid method. The 10s5 pϪϪ Ϫ2dϪϪϪϪ auxiliary basis set gives the same geometry as the grid but the binding differs by 4.9 kcal/mol. Addition of the diffuse p and d functions to form 10s5pϩϪϪϪ2dϩ ϪϪ and 10s5 pϩϪϪϪ2dϩϪϪϪϪϪ improve agreement with the grid method to 0.8 kcal/mol and 0.1 kcal/mol, respectively. Therefore the RI's appear to be converged for the 10s5pϩϪϪϪ2dϩϪϪϪϪϪ auxiliary basis set.
E. Other first-row compounds
The auxiliary basis sets developed for nitrogen have been generalized to elements Li through Ne. The aug-ccpVDZ basis sets were used to provide the exponents for the tightest and most diffuse gaussian functions of the initial 10s5 p2d/5s2 p auxiliary basis set. Results for both the 10s5 p2d/5s2 p auxiliary basis set and the larger auxiliary basis sets are presented below.
CH 2 . Experimental structures and relative energies 37, 38 for the 1 A 1 and 3 B 1 states of CH 2 are compared in Table V for the B-null, DePristo-Kress, and B-VWN5 functionals. The AO basis set used here is cc-pVTZ. 32 The 3 B 1 state was optimized with a restricted open shell wave function. Using no auxiliary basis set results in H-C-H bond angles that differ from the grid based approach by over 50°for all three functionals. The C-H bond distances differ from the grid based predictions by 0.3 Å. The predicted 1 A 1 -3 B 1 splittings differ from the grid based values by as much as 0.33 eV. As expected, the RI is not adequately represented by the CH 2 atomic basis set. The 10s5 p2d/5s2 p auxiliary basis set reduces the difference between the grid-free and grid angles, with the largest difference being 9.2°for the B-VSN5 triplet. The largest bond length difference is reduced to 0.014 Å. The error for the singlet-triplet splitting is reduced to no more than 0.09 eV. Enlarging the auxiliary basis set to 10s5pϪϪϪ2dϪϪ/9sϩ2 pϩϪ produces angles that are all within 0.4°of the grid values. The largest difference in predicted bond distances is reduced to 0.004 Å. The predicted singlet-triplet splittings all agree to within 0.06 eV of the grid-based method. The larger auxiliary basis set, 10s5pϪϪϪ2dϪϪϪϪ/9sϩ2 pϩϪ, provides no improvement with B-VWN5. The addition of diffuse p and d functions to the auxiliary basis set also provides little change. In all calculations, 3 B 1 was correctly found to be the ground state. DePristo-Kress and B-null, both gradient corrected exchange functionals, have similar convergence properties with respect to the RI. For both the grid and grid-free approaches, the addition of electron correlation ͑e.g., via the VWN5 functional͒ is needed in order to avoid overestimating the 1 A 1 -3 B 1 splitting. For CH 2 , auxiliary basis sets are found to be effective for functionals that depend on n ␣ , n ␤ , , "n ␣ , and "n ␤ . Nuclear derivatives are also found to be reliable, since the grid and grid-free approaches predict similar geometries.
H 2 O. The geometry of the ground state of water ͑Table VI͒ was optimized with the 6-31 G** basis set 39 and the B-null functional. With no auxiliary basis functions, water is predicted have an H-O-H angle of 120.6°. The predicted H-O bond distances differ from the grid based value by 0.023 Å. Addition of the 10s5p2d/5s2 p auxiliary basis set yields an HOH angle and OH bond length that are much closer to the grid values. The 10s5 pϪϪϪ2dϪϪ/9sϩ2 p ϩϪ auxiliary basis set reduces the differences in the predicted angle and bond length to 1.2°and 0.004 Å, respectively. The 10s5pϪϪϪ2dϪϪϪϪ/9sϩ2pϩϪ auxiliary basis set predicts a geometry that differs from the 10s5pϪ Table  VII . With no auxiliary basis sets, the largest variance from the grid-based result is 0.8 Å for the B-B distance in B 2 H 6 . The smallest difference from the grid-based approach is 0.009 Å for the terminal BH bond in B 2 H 6 . The 10s5 p2d/5s2 p auxiliary basis set improves the B-B distance to 1.870 Å, 0.055 Å different from the grid value. Indeed, the agreement of the interatomic distances predicted by the grid and grid-free approaches is improved for all but the B-H distance in Table VII upon adding the 10s5 p2d/5s2 p auxiliary basis set. Extending the auxiliary basis set to 10s5 pϪϪϪ2dϪϪ/9sϩ2 pϩϪ reduces the largest difference between the grid and the grid-free distances to 0.014 Å. Other grid-free distances differ from the grid distances by less than 0.001 Å. The larger 10s5pϪϪ Ϫ2dϪϪϪϪ/9sϩ2 pϩϪ auxiliary basis set predicts all intra-atomic distances to within 0.014 Å of the grid distances. Addition of diffuse p and d functions results in only slight changes in bond distances.
Binding energies relative to the isolated atoms are predicted using the B-null functional and are presented in Table  VIII . Since geometries are unreliable without an auxiliary basis set, the same is true for binding energies. The largest 
F. Timing comparisons
For several different auxiliary basis sets, timing comparisons for energyϩgradient calculation are made to the grid-based method in Table IX . Because the 10s5 pϪϪ Ϫ2dϪϪ/9sϩ3pϩϪ gives consistently reasonable results, it is used for comparison. In all cases, the CPU time required for the entire calculation is compared. The grid used is the default grid described above, which provides about 7000 points per atom. All calculations are run in direct mode. This means that these comparisons include the GAMESS and Gaussian integral routines, Fock matrix construction and solution of the SCF problem. Differences in convergence rates and the differences in work distribution between DFT and non-DFT portions of the codes also contribute to the timings differences. The main point is that the two approaches for evaluating DFT energies and gradients appear to require comparable times.
V. CONCLUSIONS
The grid-free approach to DFT provides an alternative to the grid-based approach. The resolution of the identity requires a more accurate basis set than does the wave function; therefore, an approach that utilizes auxiliary basis sets has been developed. In previous work, the RI was found to quickly converge for functionals that do not depend upon the gradient of the density. In this work, the gradient of the density RI in Eq. ͑5͒ is found to converge only after functions of angular momentum of one higher than the atomic basis set are included. Functions tighter than the normal atomic basis functions are also needed. Auxiliary basis sets that are adequate for giving proper energies are found adequate for giving proper gradients and therefore geometries. This is pleasant, since once one has an auxiliary basis set that gives reasonable energies, one does not have to extend it further still to give reasonable geometries.
For several of the systems studied here, there are residual differences between results predicted by the grid and the grid-free methods, even after the auxiliary basis set appears to have converged. This may be a consequence of a grid that is not fully converged. The two DFT methods appear to have similar CPU time requirements. We recommend the use of the 10s5 pϪϪϪ2dϪϪ/9sϩ2 pϩϪ auxiliary basis set, for H-Ne ͑see EPAPS͒. 41 
